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I. INTRODUCTION 
The problem of attitude determination on the 
basis of information about non-parallel vectors is 
analyzed. In the known matrix algorithms [1], [2] 
the angles of orientation are determined from the 
matrix of orientation. At the using of quaternion the 
axis and angle of turn of the body are determined 
from a quaternion of turn [3], [4]. The proposed 
algorithms use geometric relations, which take place 
when the body rotates [5]. 
II. PROBLEM FORMULATION   
Suppose we know normalized initial vector or

 
and this vector after rotation r

. The problem 
consists of determining the axis of rotation and 
rotation angle of the body (Fig. 1). The end of the 
vector trajectory is a circle centered on the axis of 
rotation. 
Figure 1 shows the angle of rotation of the 
body , the axis of rotation of the body and the unit 
vector e

 of this axis.  
 
Fig. 1. Vectors 
Find relations for body attitude determination on 
the base of geometrical approach and least-squares 
estimation. 
III. SOLUTION OF THE PROBLEM 
Using quaternion of rotation q  we can right  
o
 r = q r q   or  o r q = q r .              (1) 
For two quaternions 0   

  and 0 

M =   
we have 
0 0 0 0           
     M . 
Specify 0q + q

q =  , r 
 
M = . Then  
     0 0o o or r q r r q r r q       
       
.        (2) 
This expression equals zero if equals zero scalar 
part 
  0or r q  
  
   (3) 
and if equals zero vector part 
   0 0o or r q r r q    
    
.  (4) 
Denoting oa r r 
  
 write equation (3) as  
0a q 
 
.                                 (5) 
It means that vector a

 is perpendicular to axis of 
rotation.  
Denoting ou r r 
  
 write equation (4) as  
0aq q u 
  
.   (6) 
From equation (6) we see again that vector a

 is 
perpendicular to the axis of rotation.  
When 180    we get 0 cos 02
q

   and 
0q u 
 
 because of q u
   or 0u  .  
The relation q u
   takes places when the vectors 
,or r
 
 are not perpendicular to the axis of rotation 
(and 180   ). As vector u

 is perpendicular to the 
vector a

 we conclude that the vector q

 is 
perpendicular to the vector a

. 
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The relation 0u 

 takes places when the vectors 
,or r
 
 are perpendicular to the axis of rotation (and 
180   ). In this case using of the equation (6) for 
axis determination is impossible and we have to use 
the equation (5). 
Analyze the equation (6) which may be written 
as  
a g u 
  
,   (7) 
where  
0
tg
2
q
g e
q

 
 
 is the Gibbs vector. 
Rewrite the equation (7) in the matrix form  
U a g ,   (8) 
where 
0
0
0
z y
z x
y x
u u
U u u
u u

 

,  .
x
y
z
g
g
g
 
 
  
 
 
g   
For several vectors  
( 1... )i iU i n  a g ,  (9) 
where n  is the number of vectors. 
Determine the vector g  minimizing function  
   
  
 
2
1
1
1
1
1
2
1
   
2
1
     
2
1
     ,
2
n
i i i
n
T
i i i i i
n
T T T
i i i i i
n
T T T T T T
i i i i i i i i i
f U
U U
U U
U U U U
  
   
   
    




a g
a g a g
a g a g
a a g a a g g g
 
(10) 
where i  are non-negative weights.   
Write the condition of extreme  
 
 
1
1
1
2
                     0,
n
T T T T
i i i i i i i i i
n
T T
i i i i i
f
U U U U U U
U U U G
       
     


a a g
g
a g k g
 
(11) 
where 
1
n
T
i i iU k a ,    
1
n
T
i i iG U U  . 
From equation (11) we find  
1G g k ;   (12) 

g
e
g
;   (13) 
 2arctg  g .  (14) 
The solution (12) exists if determinant of matrix 
G  doesn’t equal zero. If 180   , the determinant 
of matrix G  equals zero. 
For example for two vectors we have 
    22 21 2 1 2det G u u u u    .  (15) 
From (15) it follows that if 180    we 
have det( ) 0G  .  
For three vectors similar to (15) equation 
   
 
2 2 2
1 2 3
2 2 2
1 2 1 3 2 3
det
            
C u u u
u u u u u u
  
     
  
       
takes place if three vector are situated in one plane. 
Explain the last equation. The expression 
a b u u b    
   
 in matrix form can be written as 
TU U  a b b  (matrix U  is skew-symmetric 
TU U  ). Therefore    g u b u u u b      
     
 
can be written as   TU U U U  g b b . 
Thus, expression 0T TU U U a b  in vector form 
looks like  
 u a u b u   
   
. 
Notice that vector g

 can be written as 
  T T T T T Tg bu u - uu b = u ub - uu b = u uI - uu b  
Assume 2.n  Will estimate the influence of 
error of the vector 02r

 on the accuracy of algorithm 
if 
10 ; 20 ; 30         ; 
1 [0.5547 0 0.8321]'or 

; 2 [0 0.995 0.0995]'or 

. 
The vector of error, by a size 0.001, will form 
perpendicular to the vector 2or

 with variable 
direction with a step 10° in a plane, perpendicular to 
the vector 2or

. The new value of vector 2or  is 
normalized. The results of simulation of errors of 
angle determination are presented in Fig. 2. 
For comparison, the differences of errors of 
angles determination calculated by means of the 
proposed algorithm and algorithm QUEST are 
presented in Fig. 3. 
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Fig. 2. Errors of angles determination 
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Fig. 3. Differences errors of angles determination 
In Figures 4 and 5 are represented results of 
computations for another angles and vectors 
30 ; 20 ; 10          
1 [0.5547 0 0.8321]'or 

 
2 [0.9759 0.0976 0.1952]'or 

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Fig. 4. Differences errors of angles determination 
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Fig. 5. Differences errors of angles determination 
These results are similar to the results presented 
in Figs 2 and 3.  
Thus if 180   , the accuracy of proposed 
algorithm is equivalent to the accuracy of algorithm 
QUEST.  
If 180    (determinant of matrix G  equals 
zero), we may use the scalar form (5) and such way 
of vector e

 finding [5] 
b
e
b


  ,   (16) 
where 
1 2 2 3 3 1b a a a a a a     
      
;  3 oa c c 
  
; 
1 2
1 2
;o oo
o o
r r
c
r r



 
    1 2
1 2
.
r r
c
r r



 
   
Now show that using vectors ia , we can 
determine vector e

 and angle   separately.  
Suppose we know vectors 1a , 2a , 3a .  Find 
vector e

 which is perpendicular to these vectors. In 
this case  
 0 1...3Ti = i a e .  (17) 
Using equation (17), write 0Ti i =a a e . Summing 
these expressions, we obtain  
0A =e ,    (18) 
where  
1 1 2 2 3 3
T T TA= a a + a a + a a . 
Rewrite this expression in the form  
A = e e ,   (19) 
where 0  .  
That is, vector e  is an eigenvector v  of the 
matrix A  that corresponds to the eigenvalue 0  .  
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As an example, assume the parameters which 
correspond to Figs 4 and 5. The vectors oc

 and c

 
are calculated in accordance with equation (16).  
The quaternion of rotation and vector e  equal 
[0.9515  0.0381  0.1893  0.2393]q  ,   
[0.1240   0.6156   0.7782]Te = . 
Using equation (19), we get  
0.4037    0.1006   -0.1439
0.1006    0.1828   -0.1606 ; =4.7714e-17
-0.1439   -0,1606    0.1500
A
 
   
  
. 
and the same unit vector. 
After this we can find the angle of rotation. 
Suppose we know normalized vector nr  in body 
frame and the vector e  (Fig. 6). Vector m

 which is 
perpendicular to the vector e , equals. 
( )n nm r r e e  
    
. In matrix form we have 
  1
( )
                          
T T
n n n n
n n n nE I E E
   
  
m r e e r r ee r
= r r = r r
 (20) 
where 1;
TE E I E  ee . 
 
Fig. 6. Vectors 
Similar equation takes place for the vector in 
reference frame  
1o onEm r .   (21) 
As 1 1; ; 1
T T TE E E E  e e  we find 
 
   
   
 
1 1 1 1
22 2
1    2
    2 2
                                               2 ,
TT T T
o o n on n on
T T
n on on n on
T T T T T
n on n on
T
n on
m m E E E E
E I E I E E
I E I E
I E E
   
    
     
    
 
m m r r r r
r r r r r
r ee ee r r ee r
r r
where 1
T
n onE = r r .  
Thus 
0
cos
o
 
  
 m m
, 
where 1
T
o on onE = r r .  
Use least-square estimation and specify the lost 
function for three vectors 
 
3
2
1
i oi
i
f

     , 
where cos   . 
In accordance with condition 0
f


 we find 
3
2
1
cos i oi
i oi
 
   
 .  (22) 
For conceded above example using quaternion, 
we get 0.6251  .  
Using equations (21), (22), we get  
1
 0.9846   0.0763   0.0965
0.0763      0.6210   0.4791
0.0965   0.4791      0.3944
E
  
    
   
; 
1 1
2 2
3 3
0.3948; 0.4869;
0.7210; 0.8891;
0.4631; 0.5711 
o
o
o
   
   
   
 
and the same angle  . 
The procedure of the angle   sign determination 
is described in [5]. 
IV.  CONCLUSION 
The algorithm of attitude determination based on 
geometric relations and least-square method is 
proposed. If angle of body’s turn doesn’t equal 180  
the accuracy of proposed algorithm is equivalent to 
the accuracy of algorithm QUEST.  
The simple algorithm of separate determination 
of unite vector and angle of rotation is proposed. 
REFERENCES 
[1] S. Tanygin and M. D. Shuster, The Many TRIAD 
Algorithms. Paper AAS-07-104, AAS / AIAA Space 
Flight Mechanics, Meeting, Sedona, Arizona, 
January 28–February 22, 2007. Proceedings: 
Advances in the Astronautical Sciences, vol. 127,  
pp. 81–99, 2007. 
[2] L. M. Ryzhkov and D. I. Stepurenko, “Least Squares 
Using to Improve the TRIAD Algorithm.” 2-nd 
International Conference "Methods and Systems of 
Navigation and Motion Control." pp. 106–108, 2012. 
[3] F. L. Markley and M. Mortari, “Quaternion Attitude 
Estimation Using Vector Measurements.” Journal of 
the Astronautical Sciences, vol. 48, no. 2–3,              
pp. 359–380, 2000. 
L.M. Ryzhkov  Attitude Determination Based on Geometric Relations                                                                          21 
 
 
[4] Y. Cheng and M. D. Shuster, “QUEST and the Anti-
QUEST: Good and Evil Attitude Estimation.” 
Journal of the Astronautical Sciences, vol. 53, no. 3, 
pp. 337–351, 2005. 
[5] L. Ryzhkov, “Geometric attitude determination using 
vector measurements.” Electronics and Control 
Systems, no. 4(46), pp. 17-23, 2015.  
Received May 12, 2016 
 
Ryzhkov Lev. Doctor of engineering. The professor. 
The Aircraft Control Systems Department, National Technical University of Ukraine “Ihor Sikorsky Kyiv 
Polytechnic Institute”, Kyiv, Ukraine. 
Education: Kyiv Politechnic Institute, Kyiv, Ukraine. (1971) 
Research interests: navigation devices and systems. 
Publications: 244. 
E-mail: lev_ryzhkov@rambler.ru 
Л. М. Рижков. Визначення орієнтації на основі геометричних співвідношень 
Запропоновано алгоритми визначення орієнтації твердого тіла, які базуються на геометричних співвідношеннях 
та методі найменших квадратів.  
Ключові слова: визначення орієнтації; алгоритм. 
Рижков Лев Михайлович. Доктор технічних наук. Професор. 
Кафедра приладів та систем керування літальними апаратами, Національний технічний університет 
«Київський політехнічний інститут ім. Ігоря Сікорського», Київ, Україна. 
Освіта: Київський політехнічний інститут, Київ, Україна, (1971). 
Напрям наукової діяльності: навігаційні прилади та системи.  
Кількість публікацій: 244. 
E-mail: lev_ryzhkov@rambler.ru 
 
Л. М. Рыжков. Определение ориентации на основе геометрических соотношений 
Предложены алгоритмы определения ориентации твердого тела, базирующиеся на геометрических 
соотношениях и методе наименьших квадратов.  
Ключевые слова: определение ориентации; алгоритм. 
 
Рыжков Лев Михайлович. Доктор технических наук. Профессор. 
Кафедра  приборов и систем управления летательными аппаратами, Национальный технический университет  
Украины «Киевский политехнический институт им. Игоря Сикорского», Киев, Украина. 
Образование: Киевский политехнический институт, Киев, Украина (1971). 
Направление научной деятельности: навигационные приборы и системы.  
Количество публикаций: 244. 
E-mail: lev_ryzhkov@rambler.ru 
 
